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In this paper a representation theorem is proved for linear operators which 
are continuous with respect o certain topologies. In particular it is seen that 
these operators have finite-dimensional range, and, as an immediate conse- 
quence, the well-known fact that if the weak and strong topologies on a 
normed vector space coincide, then the space is finite dimensional. 
In what follows, if X is a vector space (over the real or complex field) and 
if T is a nonempty set of linear functionals (in the purely algebraic sense) 
on X, then by the P-topology on X we mean the topology obtained by 
taking as base all sets of the form 
fv(p; A, c) = {q E x: j u(p) - u(q)/ < E, u E A: 
where p E X, A is a finite subset of r, and E > 0. X furnished with this 
topology is a locally convex linear topological space. We let 0 denote the zero 
vector of X, and by the local base at 13 for the F-topology we mean all the 
sets of the above form where p = 19. 
THEOREM. Let X be a vector space and r a nonempty set of linear functionals 
on X. Let Y be a normed vector space. If a linear transformation f from X into Y 
is continuous with respect o the r-topology of X and the norm topology of Y, 
then there exist finite sets {xl , . . . . x,} C X and {ul , . . . . un} C r such that 
ui(xj) = &(i, j = 1, 2, . . . . n) and 
f(x) = f: ui(x)f(xi) fog each x E X. 
i-l 
(In particular, f(X) is jinite dimensional.) 
PROOF. IfN=(xEX:/z&(x)l <~,i= 1,...,K}isamemberofthelocal 
base at 0 for the r-topology on X, then there is a finite collection {ui}~=i of 
linearly independent elements of T’ and a S > 0 such that 
{xEX:It+(x)I <S,j=l,..., n}CN. 
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To see this, we suppose z~i, .. . . zik ordered so that 6, , . . . . ti, is a maximal 
linearly independent subset. Then for i such that n < i < k we have 
{x E x : 1 2$(x)( < 6, j = 1) . . . . n> c A? 
Let S = {y E Y : I/y I/ < I}. Then f-l(S) is a F-neighborhood of 8, so, 
since f-l(S) contains a member of the local base at 0 for the F-topology, 
there are IinearIy independent elements “1, . . . , u, of r and E > 0 such 
that N = {x E X : / q(x)/ < E, i = 1, . . . . n> Cf-l(S). Suppose there are z, 
and x2 in X such that z+(zr) = ui(zz) for each i = 1, . . . . n. Then for any 
positive integer k, k(z, - zz) is in N since 
ui(k(zl - z2)) = k[q(z,) - ui(z2)] = 0, for each i = 1, . . . . n. 
Then for every positive integer k,lIf(k(z, - xn))ll < 1, i.e., IIf -f(xJll < l/k. 
Thereforef(z,) = f(aa). Now since ui , . . . . u, are linearly independent, here 
are elements x1 , . . . . x, of X such that ui(xj) = Sii (i, j = 1, . . . . a~). Then for 
any x in X, 
ui(x) = ui ($uj(x)xj), for each i = 1, . . . . n. 
Hence, for any x in X, 
COROLLARY. If the strong and weak topologies on a nmmed vector space X 
coincide, then X is jinite dimensional. 
PROOF. Let r = X* (the conjugate space of X) and let Y = X. Let f be 
the identity mapping. If the strong and weak topologies agree, then f is 
continuous with respect o the r-topology of X and the norm topoIogy of Y 
and hence f(X) = X is finite dimensional. 
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